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Abstract. High-spin properties of the triaxial strongly deformed potential well in 163Lu at excitation
energies above resolvable bands have been investigated. Gated Eγ-Eγ spectra display clear ridges with
moments of inertia corresponding to those observed for the discrete strongly deformed bands. A fluctuation
analysis of the ridges yields a number of two-step paths of ≈ 40 and ≈ 20, when gating on triaxial strongly
or normally deformed bands, respectively. These results show that a potential well at large deformation
coexists with the normally deformed well, and indicate a mixing between states in the two wells at higher
excitation energy.

PACS. 21.10.-k Properties of nuclei; nuclear energy levels – 21.10.Re Collective levels – 24.60.Ky Fluc-
tuation phenomena – 27.70.+q 150 ≤ A ≤ 189

1 Introduction

Rotational bands with large deformation have been ob-
served in several nuclei in the Z ∼ 71, N ∼ 92 region. In
the odd proton isotopes 163,164,165,167Lu [1–5], those bands
are interpreted as based on the deformation-driving pro-
ton i13/2 intruder configuration, while in the even-even
168Hf [6] nucleus, the observed weakly populated bands
are less well understood. The transition quadrupole mo-
ments determined in several lifetime measurements on
163,164Lu [2,7] and 168Hf [6] indicate a substantially larger
deformation than that of the normally deformed bands in
these nuclei, in accordance with the values of the dynamic
moments of inertia.

Cranking calculations based on the modified oscillator
potential with the code “Ultimate Cranker” (UC) [8,9]
predict local minima in the potential-energy surface at
triaxial deformations with ε2 ∼ 0.4 and with a triaxiality
of γ ∼ ±20◦ [4]. In the calculations, local minima at this
deformation are found for all combinations of parity and
signature, and originate from the opening of a shell gap
at 94 neutrons for this triaxial deformation.

The recent observation of a one-phonon wobbling ex-
citation [10], and possibly a two-phonon excitation [11],
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is the first firm experimental evidence of the triaxiality of
these states, in 163Lu.

Under certain conditions one may expect a multitude
of wobbling excitations based on each of the triaxial con-
figurations [12], which opens up the possibility for a very
large number of bands. In this way, the breaking of the
axial symmetry may lead to a higher level density in the
triaxial-deformed potential well as compared to the axial-
symmetric normal-deformed well [12]. To investigate the
properties of the nucleus at excitation energies above the
energy of the resolved discrete bands, tools that go be-
yond the discrete line spectroscopy analysis are needed.
One such tool is the fluctuation analysis of counts in the
Eγ-Eγ energy spectrum [13].

2 The region of unresolved bands

Normally deformed nuclei with collective rotation typi-
cally display around 30–50 discrete rotational paths. This
number is limited due to the onset of fragmentation of the
rotational transition strength, which takes place around
an excitation energy above yrast of about U0 ≈ 800 keV.
U0 is defined as the energy where the rotational strength
out of each state of angular momentum I on the av-
erage fragments into two transitions to states of I − 2.
However, large deviations from this average behavior are
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expected and also predicted in calculations of rotational
bands, mixed by a residual interaction [14]. Some rota-
tional bands may avoid fragmentation at energies well
above U0, keeping the rotational energy correlation along
the band. The fragmentation of rotational strength is also
accompanied by a loss of rotational energy correlations,
referred to as damping of the rotational motion [15].

In the Eγ-Eγ spectra, consecutive transitions belong-
ing to unresolved discrete bands at excitation energies be-
low the damping region will form ridges [13] characterized
by the relation (Eγ1−Eγ2 ≈ 4h̄2/J (2)), where J (2) is the
dynamic moment of inertia. The ridges are formed by the
unresolved regular bands existing at low excitation energy
where the level density is low. These bands are too weak
to be identified in the discrete line analysis, and they may
also fragment at higher or lower angular momentum, e.g.,
energy correlations are only kept for a few steps [16].

The central valley at Eγ1 ≈ Eγ2 contains coincidences
for which the fragmentation has completely destroyed the
rotational energy correlations. They originate from levels
higher in excitation energy (> U0), where the rotational
transition strength will be fragmented over many states.

2.1 The fluctuation analysis and number of two-step
paths

The analysis of count fluctuations in the Eγ-Eγ spectra
is based on the fact that there is a limit to the num-
ber of possible decay paths available to the γ-cascades.
If the number of observed events is greater than the num-
ber of available paths, the fluctuations of the spectrum
will be stronger than purely statistical fluctuations. These
fluctuations, expressed by the moments µ1 and µ2, are
determined by the number of available paths. The rela-
tive magnitude of such fluctuations visible in a spectrum
and expressed by the ratio

√
µ2/µ1, will not decrease with

increased counting statistics unlike randomly distributed
statistical fluctuations.

The goal of the statistical analysis of the count fluctu-
ations in the Eγ-Eγ spectrum is to determine the number
of paths available to the nucleus in the γ-decay at partic-
ular excitation energy and spin regions. For the analysis
of the two-dimensional coincidence matrices, the number
of two-step paths, N

(2)
path, can be expressed by [13]

N
(2)
path =

Neve(
µ2
µ1

− 1
) P (2)

P (1)
. (1)

The moments, µ1 and µ2 of the fluctuations, and the
number of events, Neve, are found by integrating over a
4h̄2/J (2) × 4h̄2/J (2) region of the matrices. For rota-
tional decay, the average distance between two consec-
utive transitions, 4h̄2/J (2), is the natural energy scale,
and all cascades originating at a high angular momen-
tum will on the average place one coincidence within each
4h̄2/J (2) × 4h̄2/J (2) interval. The factor P (2)/P (1) cor-
rects for the dilution of the fluctuations due to the finite
energy resolution of the detectors.

The basic limitation of the fluctuation analysis is illus-
trated in eq. (1) by the term (µ2

µ1
− 1). The number one

in the denominator is due to the statistical counting fluc-
tuations superimposed on the fluctuations caused by the
limited number of paths. Thus, in the limit of µ2/µ1 ap-
proaching one, the analysis only provides a lower limit to
the number of paths.

3 Experimental methods and analysis

The 152 MeV beam used in the reaction
139La(29Si, 5n)163Lu, with a thin self-supporting tar-
get, was delivered by the Vivitron tandem accelerator
in Strasbourg. The Euroball IV set-up [17], at that time
comprising 15 cluster detectors, 25 clover detectors, 26
tapered detectors, and the inner ball was used in the
detection of the reaction products. With the triggering
conditions of 3 or more suppressed γ-rays in the Ge
detectors and 8 or more γ-rays detected in the BGO
inner ball, approximately 2.4 × 109 events were collected.
Further experimental details can be found in refs. [10,11].

Three different Eγ-Eγ coincidence matrices were
sorted from the dataset: One matrix, with no gating con-
dition, containing the total γ-intensity of Eγ-Eγ coinci-
dences of the reaction (NG-matrix), and two matrices
gated on transitions in the normal-deformed (ND-matrix)
and triaxial strongly deformed (TSD-matrix) parts of the
level scheme, respectively.

The NG-matrix contains coincidences mainly from the
strong reaction channels populating 163Lu and 164Lu, in
addition to a smaller number of coincidences from the
other populated channels. Useful gates are only those
which are not contaminated and carry a large intensity.
The ND gates were selected to have no contamination
from transitions in any of the discrete TSD transitions
as well as from ND transitions through which the TSD
bands decay. The TSD gates were selected among the
low-spin members of the yrast TSD band, which have no
overlap with any ND transition. These restrictive criteria
strongly limit the number of possible gates to the five ND
and five TSD gates shown in fig. 1, which cover compa-
rable spin regions, and also produce matrices of intensi-
ties differing by less than 10%. The ND-matrix is gated
on transitions in both positive- and negative-parity bands
and contains coincidences from all combinations of par-
ity and signature. In fig. 2 spectra gated on one transi-
tion energy in the TSD yrast band are shown for both
the TSD-gated matrix and the ND-gated matrix, to illus-
trate that no sign of the strongly populated TSD band
can be found in the ND-gated matrix. The TSD-matrix
is gated at low spin on transitions in the yrast band in
the strongly deformed triaxial potential well. The two
gated matrices were corrected for the background under
the peaks used in the gate. Ideally this would be done
by setting background gates next to the peaks and then
normalizing to the width of the gates. But as there are
more than 1200 identified transitions in the energy region
between 100 and 1300 keV in the dataset, finding regions
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Fig. 1. Excitation energy relative to a rigid rotor for selected
normal-deformed and TSD bands in 163Lu. The transitions
used for creating the gated matrices are marked with a solid
line together with a larger symbol for the initial and final
states.
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Fig. 2. Gates on the 909 keV transition of the yrast TSD
band in the TSD-gated (top) and ND-gated (bottom) matrices
before the subtraction of peaks.

free of transitions that would contaminate the background
gate is impossible. The best attempt in this case is to use
the full 2-dimensional projection properly normalized as
the background spectrum. The matrices have been com-
pressed from the experimental resolution of 0.5 keV/ch to
2 keV/ch before Compton scattering and other uncorre-
lated events were removed by a Cor background subtrac-
tion [18]. In this procedure, an uncorrelated 2-dimensional
spectrum Uncor(x, y) is calculated from the original spec-
trum Raw(x, y) by

Uncor(x, y) =

∑
x Raw(x, y)

∑
y Raw(x, y)∑

x,y Raw(x, y)
.

Since the uncorrelated spectrum Uncor(x, y) still contains
the true photopeak coincidences it may be normalized

by a factor C < 1, chosen as C = 0.7 in the present
analysis, in accordance with previous experience [13], be-
fore subtraction from the Raw(x, y) spectrum. The influ-
ence from the choice of the number C was investigated
and found negligible within a variation of ±10%. The
background-subtracted spectrum dominated by correlated
events, Cor(x, y), can then be expressed as

Cor(x, y) = Raw(x, y) − C · Uncor(x, y).

Due to the fact that the strongly populated peaks from
low-lying known band structures distort the fluctuation
analysis, peaks originating from coincidences of identified
transitions in the discrete line analysis were removed from
all the matrices in the energy region of interest for the
analysis. This was done by an extended version of the
RADWARE package [19], and fig. 3 shows the gated ma-
trices both before and after the peak subtraction. The
resulting peak-subtracted Cor(x, y) matrices are the basis
for the fluctuation analysis.

3.1 The statistical analysis program STATFIT

The fluctuations of counts in the resulting Cor(x, y) ma-
trices can be expressed in terms of the first and second
moments with respect to a smooth fit of the same matrix.
The program STATFIT [13,20] was used to extract the
moments µ1 and µ2 from the experimental data. A smooth
fit to the spectrum, Fit(x, y), was calculated by perform-
ing a third-order polynomial fit in a window of size 9 × 9
channels, for each point (x0, y0) in the Cor(x, y) spectrum.
A different procedure with a Gaussian smoothing function
with a standard deviation of 3 channels was also tested,
giving similar results as the polynomial fit. The moments
µ1(x0, y0) and µ2(x0, y0) in the single channel (x0, y0) were
calculated by selecting a window of size 9 × 9 channels
around (x0, y0) and then point by point within the win-
dow evaluating the expressions Cor(x, y)f(x − x0, y − y0)
and (Cor(x, y) − Fit(x, y))2 f(x − x0, y − y0). The func-
tion f(x − x0, y − y0) is a properly normalized Gaus-
sian weighting function with a standard deviation σ of
one channel, corresponding to the experimental resolution,
centered around (x0, y0). The moments are extracted ac-
cording to

µ1(x0, y0) =
∑
x,y

Cor(x, y)f(x − x0, y − y0)

and

µ2(x0, y0) =
∑
x,y

(Cor(x, y) − Fit(x, y))2 f(x − x0, y − y0).

This procedure was repeated for each of the channels in
the spectra.

Figure 4 shows the distribution of consecutive in-band
coincidences from the discrete line analysis plotted in a
similar way as fig. 3 but rotated by 45o. Comparing fig. 3
and fig. 4, one sees from the ridge gated by the TSD band



312 The European Physical Journal A

Fig. 3. Cor background-subtracted TSD- and ND-gated matrices before and after the subtraction of known peaks in the relevant
energy region.

that the unresolved TSD ridge and the resolved bands be-
have in a similar way with respect to the moment of iner-
tia, whereas for the ND gate the picture is less clear. If also
the unresolved ND bands behave in accordance with the
resolved ND bands, a separation of the two ridges orig-
inating from TSD and ND unresolved bands should be
possible in the region from 750 keV to 1100 keV, which is
basically free of crossings. Thus, cuts of a width of 58 keV
perpendicular to the Eγ1 = Eγ2 diagonal were made for
(Eγ1 +Eγ2)/2 = 790 keV up to 1060 keV in steps of 30 keV
in the 2-dimensional matrices of µ1 and µ2. Examples of
cuts of the µ1 and µ2 matrices for the TSD-gated and
ND-gated cases are shown in fig. 5 and fig. 6, respectively.

For the ridge analysis, the experimental peak intensities
of µ1 and µ2 are extracted by Gauss fitting the peaks in
the cuts, around (Eγ1 − Eγ2) ≈ 54 keV, corresponding to
the moment of inertia 4h̄2/J (2) of the first ridge. Cuts ap-
pearing to have unremoved peaks were omitted, cf. fig. 7.

4 Experimental results

4.1 Results on the ridges

All events building up the ridges are assumed to be true
photopeak-photopeak coincidences. Thus, values of µ1
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Fig. 4. Consecutive Eγ coincidences in the bands identified in
the discrete line analysis of 163Lu.
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Fig. 5. Cuts in the TSD-gated µ1 and µ2 matrices at (Eγ1 +
Eγ2)/2 = 850 keV. The left side, (Eγ1 − Eγ2) < 0, shows the
values of the moments without the peak subtraction while the
right side shows the results after the peak subtraction proce-
dure.

and µ2 can be extracted from the Cor(x, y) background-
subtracted matrices, and the number of paths in the
58 keV wide cut of the matrix is given directly by eq. (1).
The numbers were normalized with the assumption that
the TSD bands in average deposit one event in a 54 keV
wide cut. The resulting number of paths for the TSD ridge,
from the TSD- and ND-gated matrices, are displayed in
fig. 7. For the TSD-gated matrix, the average number of
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Fig. 6. Cuts in the ND-gated µ1 and µ2 matrices at (Eγ1 +
Eγ2)/2 = 820 keV. The left side, (Eγ1 − Eγ2) < 0, shows the
values of the moments without the peak subtraction while the
right side shows the results after the peak subtraction proce-
dure.
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Fig. 7. Number of two-step paths along the TSD ridge in the
TSD-gated matrix (filled circles) and ND-gated matrix (open
circles). The background of the µ2 spectra has been considered
in the evaluation of the error bars.

paths along the TSD ridge is 38.4±6.5, while for the ND-
gated matrix, the number of paths along the same ridge
is 22.5± 3.9. The intensities of the yrast TSD band in the
TSD-gated matrix and the TSD ridge in the two gated
matrices are shown in fig. 8. The exponential behavior of
the intensities display the general cooling of the nucleus
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Fig. 8. The intensity of the yrast TSD band and TSD ridge
in the TSD-gated matrix together with the TSD ridge in the
ND-gated matrix. The intensity of the ridge from the ND-gated
matrix has been normalized by the ratio of the total intensity
in the gated matrices. The lines represent exponential fits of
the data points.

in the decay cascades. With decreasing angular momen-
tum, an increasing intensity goes to cold regular bands
and eventually down into the lowest-lying resolved bands.
The factor of about two of the intensity of the TSD-gated
ridge relative to the ND-gated in fig. 8 is in accordance
with the ratio between the numbers of paths in fig. 7.

4.2 Results in the valley

For the valley analysis the fraction, f , of photopeak-
photopeak coincidences needs to be included in the eval-
uation of the number of paths, since coincidences includ-
ing non-photopeak energies cannot be distinguished. The
fraction f is deduced from the Raw(x, y) spectrum and
a 2D unfolded spectrum. Statistically significant results
could be obtained only for the total ungated spectrum
in the present analysis. (For the gated spectra we always
obtained µ2 ≈ µ1 in the valley.) For the ungated spec-
trum, the first moment, µ1 is extracted directly from the
original Raw(x, y) spectrum before any background sub-
traction, while the second moment is evaluated for the
Cor-subtracted spectrum. The number of two-step paths
in the valley is given by

N
(2)
path =

Neve(
µ2
µ1

− 1
) P (2)

P (1)
f2.

The valley was analyzed using channels of 4 keV and per-
pendicular cuts of width 60 keV. The result, shown in
fig. 9, indicates a number of two-step paths close to 106

at an average transition energy around 1100 keV, simi-
lar to the number of paths found for normally deformed
nuclei [13]. The drop around (Eγ1 + Eγ2)/2 ≈ 1000 keV
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Fig. 9. Number of two-step paths along the valley in the un-
gated matrix.

is due to a multi-band crossing, which contaminates the
valley in the region of (Eγ1 +Eγ2)/2 between 975 keV and
1025 keV.

5 Discussion

The average number of ≈ 40 two-step paths in the TSD
ridge of the TSD-gated matrix is rather large and compa-
rable to values for all four parity-signature combinations
in axially symmetric nuclei. This large number indicates
that there is a separate triaxial potential well at a substan-
tially different deformation coexisting with the normal-
deformed potential well. If the gating by the lowest TSD
band selects among the excited bands according to parity
and/or signature, in principle up to 4 × 40 regular TSD
bands could exist in the TSD well.

The large number of paths could be a consequence of
the breaking of the axial symmetry, which will lead to
an increased number of high-spin states for any given I.
However, this may increase the level density and thereby
possibly lower the threshold of the onset of damping, U0,
which is closely related to the spacing between the levels.
In that case, the number of discrete paths available in
the decay would probably not be expected to increase,
and no clear conclusions of the impact of a triaxial shape
can be drawn. Also, the rather strong population of the
yrast TSD compared to the excited TSD bands raise the
question whether a comparison to previously investigated
ND cases can be justified.

Another explanation for the large number of two-step
paths may be related to the similarity of alignments and
moments of inertia of the discrete TSD bands. This re-
sembles the situation in the Hg-Pb region where theory
predicts 150–200 discrete superdeformed bands below the
onset of damping [21].

In the ND-gated matrix, ≈ 20 paths in the TSD ridge
are observed. This is indeed surprising, since none of the
lower-lying observed discrete TSD bands can be seen in
the ND-gated matrix, cf. fig. 2. This indicates that about
fifty percent of TSD paths feed the ND potential well, due
to a mixing of the unresolved states in the two minima
at excitation energies right below the onset of damping,
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Fig. 10. Schematic illustration of the two potential wells. U0

indicates the energy of the onset of damping, while UM indi-
cates the threshold of mixing between the states in the TSD
and ND potential wells.

but above a certain energy UM, where mixing sets in and
induces cross-talk between the potential wells. At lower
excitation energy, the potential barrier is most probably
too large, and the bands closer to the TSD yrast states
stay in the TSD well. When they finally decay to ND
states it happens at such a low angular momentum that
the decay cascade bypasses the ND gates used. The two
minima and their states are illustrated schematically in
fig. 10. The two potential wells may be separated by a
barrier at lower energy, but a small mixing between the
TSD and ND states occur at excitation energies above UM.
It should be noted that UM like U0 does not represent a
sharply defined limiting excitation energy. Alternatively,
the observed types of decay paths may not originate from
the same states. This may be investigated by a covariance
analysis [22], which however requires better statistics than
allowed in the present experiment.

Due to the limitation of the statistics in the data set,
only the non-gated matrix could be analyzed in the valley.
Thus, no conclusions regarding the consequences of the co-
existence of a triaxially deformed second potential well on
the number of paths in the damped region could be drawn.

In conclusion, the analysis shows that there are ≈ 40
two-step paths with a moment of inertia similar to the low-
lying TSD bands observed in 163Lu. About half of these
feed the ND structures in the nucleus, most probably due
to mixing of states across the barrier separating the two
shapes.
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